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Abstract We investigate the throughput improvement
that ZigZag decoding (Gollakota and Katabi 2008)
can achieve in multi-user random access systems.
ZigZag is a recently proposed 802.11 receiver de-
sign that allows successful reception of packets de-
spite collision. Thus, the maximum achievable through-
put of a wireless LAN can be significantly improved
by using ZigZag decoding. We analyze the through-
put bounds in four different idealized multi-access
system models for the case when ZigZag decoding
is used. We also provide results for the Aloha and
CSMA models where exact closed form solutions are
infeasible to calculate. Our analysis and simulation
results show that ZigZag decoding can significantly
improve the maximum throughput of the random
access system.
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1 Introduction

In this paper, we investigate how much throughput im-
provement ZigZag decoding [5] can achieve. ZigZag
is a recently proposed 802.11 receiver design that com-
bats hidden terminals. In ZigZag, the receiver can
decode two consecutive signals of two colliding packets
and successfully receive both. In other words, if the
same two packets collide twice (with a small bit offset
difference), the receiver can receive both packets.
ZigZag decoding is based on the observation that when
two 802.11 senders collide, their retransmissions tend to
collide again on same packets, and since 802.11 senders
jitter every transmission by a short random inter-
val, collisions start with a small random stretch of
interference-free bits. Thus, the maximum achievable
throughput of a wireless LAN can be significantly
improved by using ZigZag decoding.

We look at four different idealized multi-access sys-
tem models to investigate the performance benefits of
ZigZag decoding; (1) N-user slotted random access
system, (2) stabilized slotted Aloha, (3) slotted CSMA
with mini-slots, and (4) unslotted CSMA. Prior work
has already analyzed these simple systems and has
given throughput bounds (see, for example, [2, 4] for
summaries and reviews of prior work). We extend these
well known results to the case when ZigZag decoding
is used. We also provide results for the Aloha [1] and
CSMA [7] models where exact closed-form solutions
are infeasible to calculate. We concentrate on simple
random access protocols and do not consider conflict
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resolution techniques such as [3, 8] or capture effects
(e.g. [9, 10]) for the simplicity of analysis. Related re-
cent work in [11] considers random Aloha-type proto-
cols in networks with “soft collisions” and multi-packet
reception capabilities (such as CDMA systems) but the
CDMA approach is orthogonal to ZigZag decoding
that we consider in the present paper.

Most of the classical assumptions for idealized slot-
ted multi-access models used in prior work also hold
in our work, unless otherwise stated. For example, our
models have slotted time with slot boundaries at integer
times (t ∈ {0, 1, 2, ...}), packets have fixed size and their
transmission time equals exactly one slot, and if just
one node sends a packet in a given slot, the packet
is correctly decoded at the receiver. Also, we assume
that each packet involved in a collision is retransmitted,
until the packet gets successfully received. A node
with a packet that must be retransmitted is said to be
backlogged. We remove the slot boundary restriction
later in Section 5 when we discuss the unslotted case.

However, to apply ZigZag into our analysis, we
redefine the term ‘Collision’ and make the following
simplified assumptions for the slotted models: ‘Colli-
sion’ occurs on a slot when three or more users at-
tempt transmission in a given time slot. In this case,
no packets are delivered to the receiver. If exactly two
users transmit packets in a slot, we say that this is a
‘ZigZag’ case which is decodable using ZigZag decod-
ing.1 Either an ‘Idle,’ ‘Success,’ ‘ZigZag,’ or ‘Collision’
event happens on every slot, (corresponding to whether
0, 1, 2, or more than 2 packets were transmitted in
that slot, respectively) and this feedback is explicitly
given (‘0,’ ‘1,’ ‘ZigZag,’ ‘C’) to all users at the end
of each slot. If a ‘ZigZag’ event occurs, that slot is
automatically extended into two slots. The two colliding
users know that they have collided in a ZigZag event,
and retransmit the same packet in the next slot.2 Other
users also know about this and thus remain silent in the

1Gollakota and Katabi [5] describes the various collision patterns
that the ZigZag applies to; overlapped collisions, flipped order,
different packet sizes, capture effect, etc. We abstract all of these
patterns into two packets being transmitted within two slots with
small asynchrony across successive collisions for simplicity of
analysis.
2ZigZag decoding is based on the observation that when two
802.11 senders collide, their retransmissions tend to collide again
on same packets, and since 802.11 senders jitter every trans-
mission by a short random interval, collisions start with a small
random stretch of interference free bits. We assume that this
random time interval is sufficiently small enough to be included
within a slot along with the packet with negligible effect to the
analysis.

next slot. If a ‘ZigZag’ event occurs, exactly 2 packets
can be perfectly received at the receiver during two
time slots.3 Hence the average throughput during this
period is 1 packet/slot. In the unslotted case, everything
remains the same except that the slot boundaries are
not synchronized and may occur any time on the con-
tinuous time axis. Finally, we ignore other aspects of
ZigZag decoding such as decoding failure or 3 packet
decoding.4

While we use a slotted model, it is important to recall
that ZigZag decoding relies on packet transmissions
to arrive at the receiver so that the first bits of each
packet are non-aligned. This is consistent with a slotted
model if slot sizes are several bits larger than packet
sizes, and if transmissions are randomized with respect
to the initial bit alignment. A general model allows
for some probability p f for a ZigZag frame failure
due to accidental perfect alignment. However, in this
paper, we treat the ideal case of p f = 0 for the sake of
simplicity.5

2 Slotted random access

We first look at a simple idealized random access
protocol for a N-user system, where each user has
an infinite amount of data to send. In this protocol,
we use ZigZag decoding as follows. The timeline is
decomposed into frames of size either one or two slots,
and these frames define renewal events (see Fig. 1).
At the beginning of a frame, all N users indepen-
dently transmit a packet with probability q (0 ≤ q ≤ 1),
and exactly one of the following four events happen;
(1) Idle: nobody transmits any packet, (2) Success: ex-
actly one user transmits a packet, (3) ZigZag: exactly
two users transmit a packet, or (4) Collision: three or
more users attempt transmission. Then the receiver

3Gollakota and Katabi [5] describes the success rate of ZigZag
decoding. Its collision detector has only 3.1% false positives,
1.9% false negatives, and 98.2% of the colliding packets are
decodable when all of its components are enabled. We simplify
the analysis by using 0%, 0%, and 100% for each of these ratios
respectively.
4In a real system, there could be cases where ZigZag decoding
may fail for some practical reasons such as insufficient SNR.
Also, there could be cases where three or more colliding packets
are decodable. Gollakota and Katabi [5] does describe these
cases but we ignore them for simplicity of analysis.
5As we have mentioned in footnote 3, ZigZag decoding was able
to decode 98.2% of the colliding packets in a real experiment,
which corresponds do p f = 1.8% ≈ 0.
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Fig. 1 A timeline showing the various kinds of frames ‘0’, ‘1’, ‘C’, ‘ZigZag’

gives one of the four following feedback messages at
the end of the first slot of the frame:

Feedback =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

‘0’ if idle (i.e., no user
attempted transmission).

‘1’ if success (i.e., exactly one
user attempted transmission).

‘ZigZag’ if exactly two users
attempted transmission.

‘C’ if three or more users
attempted transmission.

The frame has size one slot if the feedback is ‘0,’ ‘1,’
or ‘C.’ If the feedback is ‘ZigZag,’ then the frame has
a size of two slots. Recall that in the second slot of a
‘ZigZag’ frame, the same two users transmit their pack-
ets again while all other users remain silent. Thus, in
a ‘ZigZag’ frame, exactly two packets are successfully
transmitted by the end of the two-slot frame.

In this system, the probability of ‘1’ (success) and
‘ZigZag’ is given as follows:

P1 =
(

N
1

)

q(1 − q)N−1 = Nq(1 − q)N−1, (1)

Pzigzag =
(

N
2

)

q2(1 − q)N−2 = N(N − 1)

2
q2(1 − q)N−2.

(2)

Also, the average frame size of the system, and the
average number of packets successfully delivered to the
receiver in a frame is given by:

E{frame size} = 2 · Pzigzag + 1 · (1 − Pzigzag)

= 1 + Pzigzag, (3)

E{# success packets in a frame} = 1 · P1 + 2 · Pzigzag

(4)

For each frame k ∈ {1, 2, ...}, let Rk and Tk respec-
tively represent the number of successes in frame k
and the size of frame k. Thus {Rk} and {Tk} are i.i.d
sequences. Let tn represent the ending time of the nth
frame, and let N(tn) represent the total number of

successes up to time tn. Define μ as the time average
throughput. By renewal/reward theory, we have:

μ ≡ lim
n→∞

N(tn)
tn

=
lim

n→∞
1

n

n∑

k=1
Rk

lim
n→∞

1

n

n∑

k=1
Tk

= E{R}
E{T}

= E{# success packets in a frame}
E{frame size} with prob. 1

(5)

Thus,

μ = P1 + 2Pzigzag

1 + Pzigzag
= 2Nq(1 − q)N−2(1 + (N − 2)q)

2 + N(N − 1)q2(1 − q)N−2

(6)

To maximize throughput, we need to solve ∂μ

∂q = 0.
But it is challenging to derive a closed-form formula
for optimal q from this. Hence, we take a different ap-
proach to obtain the maximum achievable throughput.

It can be shown that the optimal transmission prob-
ability is �(1/N), and hence we would like to find the
optimal throughput by guessing the optimal transmis-
sion probability as

q� = α

N + δ
(7)

and optimizing α and δ for the maximum real through-
put μ as N goes to infinity. Intuitively, the significant
order of the optimal transmission probability must be
N−1 since any other order will result in throughput of
zero as N goes to infinity; higher order will result in
infinite repeated collision, and lower order will result
in too little transmission relative to N.

Substituting q� into throughput μ in Eq. 6 and as
N → ∞, the throughput becomes,

μ�
N ≡ 2N α

N+δ

(
1 − α

N+δ

)N−2 (
1 + (N − 2) α

N+δ

)

2 + N(N − 1)
(

α
N+δ

)2 (
1 − α

N+δ

)N−2
(8)

lim
N→∞

μ�
N = 2α(1 + α)e−α

2 + α2e−α
(9)

Optimizing α for maximum throughput μ� using nu-
merical calculation results in α = 1.4995 ≈ 1.5. Also,
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in our model with ZigZag decoding, the transmis-
sion probability q should be 1 for N ≤ 2 to maximize
throughput, since two simultaneous transmissions can
always result in average throughput of 1 packet/slot.
Hence we set δ = −0.5. Thus, as N → ∞, the optimal
transmission probability can be approximated as:

q� = 1.5

N − 0.5
, (10)

and the bound on the maximum throughput is,

μ� ≡ lim
N→∞

μ�
N ≈ 0.6688. (11)

Now, we verify the result of the above derivation
by numerically finding the maximum throughput at
various N values. Using the expression of μ from Eq. 6,
we first solve:

∂μ

∂q
= 0

to find the optimal transmission probability q�, and
then use this to evaluate the optimal throughput μ�

N|q� .
Figure 2 depicts the numerically calculated maxi-

mum throughput with ZigZag decoding for various
N values, along with the derived throughput bound
when N → ∞. The figure shows that the numerically
calculated maximum throughput does converge to the
derived throughput bound as N goes to infinity. Also,
Fig. 3 shows the corresponding numerically calculated
optimal packet transmission probability at various N
values. This is close to the packet transmission proba-
bility q� derived in Eq. 10. These two results together
confirm that our derivation is accurate.

Thus, in a N-user slotted random access system with
ZigZag decoding, the maximum achievable throughput
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Fig. 2 Maximum throughput at various N, and the throughput
bound when N → ∞
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Fig. 3 Transmission probability q� that achieves maximum
throughput at various N

is 0.6688. Comparing this result to the throughput of a
simple random access system without ZigZag decoding
(e−1 = 0.3678, presented in [2]) shows that ZigZag can
improve the throughput by 81.8%.

3 Stabilized slotted Aloha

In this section, we look at a stabilized version of Slotted
Aloha [14] with ZigZag decoding. In this model, there
are an infinite number of users each with at most one
packet to send. New users arrive according to a Poisson
process with rate λ packets/slot, and they transmit im-
mediately on the slot in which they arrive (even if it is
the second slot of a ZigZag frame). If the transmission
results in a collision, then each user sending one of the
colliding packets discovers the collision at the end of
the slot and becomes a backlogged user. Backlogged
users retransmit their packet independently every slot
with some adaptive probability qn, (0 ≤ qn ≤ 1), where
n is the number of backlogged users in the system.
If the transmitted packet is received at the receiver,
then that backlogged user is removed from the system.
Otherwise, it remains backlogged.

Let N(k) be the number of backlogged users at
the beginning of the kth frame, and suppose that all
backlogged users know the value of N(k). At the begin-
ning of the kth frame, if N(k) = n, then all backlogged
users transmit with probability qn and new users arrive
independently according to a Poisson distribution of
rate λ. Feedback is given in the same way as before (see
Section 2). The frame has size 1 if the feedback is ‘0,’ ‘1,’
or ‘C.’ In the case of a ‘ZigZag’ feedback, the frame has
size 2, and the same two users who collided re-transmit
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the same packets in the second slot of the frame. All
other backlogged users remain silent.

However, there is a chance that a new arrival on the
second slot of the frame also transmits, in which case we
get a feedback of ‘C,’ and we lose all information about
the ZigZag event. That is, a ZigZag frame delivers
exactly 2 packets in two slots if there are no new arrivals
in the second slot of the ZigZag frame, but delivers
exactly 0 packets in two slots if there is a new arrival in
the second slot of the ZigZag frame (see Fig. 4). Recall
that new arrivals that are not successfully delivered are
added to the set of backlogged users at the end of the
frame.

We first define the probabilities of ‘1’ (success) and
‘ZigZag’, given that N(k) = n, as follows:

P1(n) = λe−λ(1 − qn)
n + e−λnqn(1 − qn)

n−1, (12)

Pzigzag(n) = λ2

2
e−λ(1 − qn)

n + λe−λ

(
n
1

)

qn(1 − qn)
n−1

+ e−λ

(
n
2

)

q2
n(1 − qn)

n−1. (13)

P1 is the probability of the ‘1’ event where exactly 1
packet attempted transmission at the beginning of a
frame. Pzigzag is the probability of the ‘ZigZag’ event,
where exactly 2 packets attempted transmission at the
beginning of a frame. This event does not imply that
2 packets are successfully delivered to the receiver. In
fact, since a new arrival may attempt transmission in
the second slot of a ZigZag frame and corrupt the
ZigZag delivery (Fig. 4), the probability of 2 packets
being successfully delivered is:

P2(n)= Pr {No new arrival & ZigZag event | N(k)=n}
=e−λ Pzigzag(n) (14)

Again, the average frame size in this system is given by:

E{frame size | N(k) = n} = 2 · Pzigzag(n)

+ 1 · (1 − Pzigzag(n))

= 1 + Pzigzag(n)

and the average number of packets successfully deliv-
ered to the receiver in a frame is given by:

E{# packets delivered in a frame | N(k) = n}
= 1 · P1(n) + 2 · P2(n)

= P1(n) + 2e−λ Pzigzag(n).

Now, consider the Discrete Time Markov Chain
N(k), and define the drift Dn as:

Dn ≡ E {N(k + 1) − N(k) | N(k) = n}
= E{arrivals | N(k) = n}−E{departures | N(k) =n}
= λ(1 + Pzigzag(n)) − (P1(n) + 2P2(n))

= λ(1 + Pzigzag(n)) − (P1(n) + 2e−λ Pzigzag(n))

(15)

By the Drift Theorem [6, 13], the system is stable
if there is an ε > 0 such that the drift Dn satisfies
Dn ≤ −ε for large n (and unstable if Dn > 0 for large
n). By Eq. 15, Dn < 0 is equivalent to the following
expression:

λ <
P1(n) + 2e−λ Pzigzag(n)

1 + Pzigzag(n)
. (16)

We now design the transmission probability q�
n so

that the right hand side of Eq. 16 converges to a con-
stant μ� as n → ∞. Thus, from Eq. 16, the system is
stable (with negative drift for large n) whenever λ < μ�.
To this end, define μ�

n as the right hand side of Eq. 16,
and define q�

n as follows:

q�
n = α − λ

n − δ
, (17)

such that nqn is bounded for large n. The constants α

and δ in Eq. 17 will be optimally chosen. By substituting
q�

n into the right hand side of Eq. 16, and by ap-
proximating (1 − qn)

n ≈ (1 − qn)
n−1 ≈ (1 − qn)

n−2 and
sending n → ∞, we get:

μ� ≡ lim
n→∞ μ�

n = αe−α + α2e−αe−λ

1 + α2

2 e−α
. (18)

Fig. 4 A timeline of events in slotted Aloha. Two ZigZag frames are ruined by new arrivals on the second slot
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To find the maximum throughput bound, we numer-
ically solve the following two equations to optimize α:

∂μ�

∂α
= 0, μ� = λ (19)

to obtain the optimal α� = 1.310. Hence, the optimal
transmission probability q�

n is given by:

q�
n = 1.31 − λ

n − λ − 0.69
, (20)

where δ has been set so that q�
n = 1 when n = 2. This

gives us the optimal maximum throughput bound of

μ� = lim
n→∞ μ�

n = 0.5123. (21)

Thus in a stabilized slotted Aloha system, ZigZag
decoding improves the maximum throughput from
e−1 = 0.3678 to 0.5123. This is a 39% improvement
compared to the system without ZigZag decoding.
However, this improvement result is not as much as
that of the N-user random access model in Section 2.
The reason is that the system above suffers from a
loss of throughput if a new user arrives in the second
slot of a ZigZag frame. Thus, we can improve the
system throughput by modifying the above random
access protocol so that the new arrivals do not transmit
immediately. They listen to hear feedback at the end of
the slot in which they arrive, and are then added to the
set of ‘backlogged’ packets without transmitting on the
next slot if they hear a ‘ZigZag’ in the slot in which they
arrived. In such a way, a ZigZag event will always end
with two successful packet receptions.

Then the above analysis should be slightly modified
such that:

(Eq. 14) −→ P̂2(n) = Pzigzag(n), (22)

(Eq. 15) −→ D̂n = λ(1 + Pzigzag(n)) − (P1(n)

+ 2Pzigzag(n)), (23)

(Eq. 16) −→ μ̂n = P1(n) + 2Pzigzag(n)

1 + Pzigzag(n)
, (24)

(Eq. 18) −→ μ̂� = αe−α + α2e−α

1 + α2

2 e−α
, (25)

and numerically solving Eq. 19 with these modified
equations results in optimal α̂� = 1.3558. Thus, the op-
timal transmission probability q̂� is given as follows:

q̂�
n = 1.3558 − λ

n − λ − 0.6442
, (26)

where δ has been set so that q̂� = 1 when n = 2. This
gives the optimal maximum throughput bound of:

μ̂� = lim
n→∞ μ̂�

n = 0.6688. (27)

The above result is identical to the result from the
N-user random access system in Section 2; ZigZag
decoding improves maximum throughput from 0.3678 to
0.6688, an 81.8% improvement compared to the system
without ZigZag decoding in stabilized slotted Aloha.

Although our analysis do not consider conflict reso-
lution techniques such as [3, 8], which provide a max-
imum throughput of 0.43 and 0.4871 respectively, we
believe that ZigZag decoding will improve throughput
bounds in those cases as well. Since the essence of
ZigZag decoding is to allow successful reception of 2
colliding packets, it is complementary to conflict reso-
lution techniques, and hence it will only increase the
maximum throughput even when the conflict resolution
is used.

Finally, we have also verified this maximum achiev-
able throughput using packet-level simulations. In the
simulation, we have used q̂�

n in Eq. 26 as the adaptive
transmission probability (recall that n is the number of
backlogged packets in the system), and each simulation
ran for 100,000 packets with maximum backlog queue
size of 500. Specifically, each simulation was run for a
fixed value of λ, and the value of λ was increased for
each new simulation to find the maximum λ for which
there are no queue overflow events. The simulation
resulted in maximum throughput of 0.6675. This result
is almost identical to the optimal throughput obtained
above, and confirms that our analysis is accurate.

4 CSMA slotted Aloha

In this section, we examine the maximum throughput
of a slotted non-persistent CSMA [7] (Carrier Sense
Multiple Access) system. This system is almost identical
to the slotted Aloha system in the previous section
(Section 3) with the following differences. The major
difference between CSMA slotted Aloha and ordinary
slotted Aloha is that idle slots in CSMA are ‘Mini-slots’
with a duration of β units of time (β ≤ 1) (See Fig. 5).
Newly arriving users during an idle slot (mini-slot) will
attempt transmission in the next slot. If a new user with
a packet arrives while transmissions are in progress,
(either success, ZigZag, or collision) they are added to
the set of backlogged users. Backlogged users wait until
they hear a free mini-slot, then attempt transmission
with probability qn.
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Fig. 5 A timeline showing the state transitions in CSMA Aloha with ZigZag

To analyze the CSMA Aloha, we can use a Markov
chain again, using the number n of backlogged pack-
ets as the state and the end of idle slots as the state
transition times. Note that each busy (success, ZigZag,
or collision) frame must be followed by an idle slot,
since nodes are allowed to start transmission only after
detecting an idle slot.

In this system, there are four different types of states;
idle, success-idle, collision-idle, and ZigZag-idle. The
time between successive state transitions is either β (in
the case of an idle slot), or 1 + β (in the case of success
or collision slot followed by an idle), or 2 + β (in the
case of ZigZag slots followed by an idle) (see Fig. 6).

First, we define the probabilities of each of four
events:

P0(n) = e−λβ(1 − qn)
n, (28)

P1(n) = λβe−λβ(1 − qn)
n + e−λβnqn(1 − qn)

n−1, (29)

Pzigzag(n) = (λβ)2

2
e−λβ(1 − qn)

n

+ λβe−λβ

(
n
1

)

qn(1 − qn)
n−1

+ e−λβ

(
n
2

)

q2
n(1 − qn)

n−2, (30)

PC(n) = 1 − P0(n) − P1(n) − Pzigzag(n). (31)

Fig. 6 Three possible state transition times in CSMA Aloha with
ZigZag: β to ‘β,’ ‘1 or C,’ ‘ZigZag’

The expected time between successive state transitions
and the expected number of arrivals and departures are
given as:

E{transition time} = β + 1 · (P1(n) + PC(n))

+ 2 · Pzigzag(n)

= β + 1 · (1 − P0(n) − Pzigzag(n))

+ 2 · Pzigzag(n)

= β + 1 − P0(n) + Pzigzag(n), (32)

E{arrivals} = λ · E{transition time}
= λ(β + 1 − P0(n) + Pzigzag(n)), (33)

E{departures} = P1(n) + 2 · Pzigzag(n). (34)

Then we can obtain the drift Dn using Eqs. 33 and 34 as
follows:

Dn ≡ E {N(k + 1) − N(k)|N(k) = n}
= E{arrivals} − E{departures}
= λ(β + 1 − P0(n) + Pzigzag(n))

− (P1(n) + 2Pzigzag(n)). (35)

From the equation above, we can see that the drift in
state n is negative if the following holds:

λ <
P1(n) + 2Pzigzag(n)

β + 1 − P0(n) + Pzigzag(n)
. (36)

To keep the system stable, the drift Dn must satisfy
Dn < 0 for large n. Hence, the right hand side of Eq. 36
is the bound on the maximum throughput:

μ� ≡ lim
n→∞

[
P1(n) + 2Pzigzag(n)

β + 1 − P0(n) + Pzigzag(n)

]

.

Suppose the packet transmission probability has the
following structure:

qn ≡ α − λβ

n
, (37)

where α is a constant to be determined. In the above
equation, α ≡ λβ + nqn is the expected number of
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Fig. 7 Maximum throughput bound of the CSMA system with
and without ZigZag at different β values

attempted transmissions following a transition to state
n. For large n, we have the approximation:

(1 − qn)
n ≈ (1 − qn)

n−1 ≈ (1 − qn)
n−2 ≈ e−nqn

We can thus approximate the state transition probabil-
ities in Eqs. 28–30 as,

P0 ≈ e−α, P1 ≈ αe−α, Pzigzag ≈ α2

2
e−α.

Sending n → ∞ leads to the following expression for
the maximum throughput μ�:

μ� ≈ αe−α + α2e−α

β + 1 − e−α + α2

2 e−α
. (38)

To find the bound on maximum throughput μ�, we
optimize α for large n by solving,

∂μ�

∂α
= 0, (39)

μ� = λ. (40)

Unfortunately, it is difficult to solve Eq. 39 to obtain an
intuitive closed-form formula. Hence, we numerically
solve Eqs. 39 and 40 together at various β values to
obtain the maximum throughput bound.

Figure 7 depicts the numerically calculated maxi-
mum throughput with ZigZag along with the approxi-
mated throughput without ZigZag (β + 1 − √

β2 + 2β)
at various β values.6 Also, Fig. 8 depicts the numeri-
cally calculated optimal packet transmission probabil-
ity at various β values. Curve fitting the numerically

6Analysis in [2] presents 1 − √
2β as the approximate maxi-

mum throughput, but that came from approximating β + 1 −√
β2 + 2β.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Mini slot size (beta)

O
pt

im
al

 T
X

 p
ro

b.
co

ef
fic

ie
nt

 (
q

n*n
)

 

ZigZag
w/o ZigZag

Fig. 8 Optimal aggregate transmission probability qn ∗ n (with
and without ZigZag) at different β values for the CSMA system

calculated maximum throughput values gives us the
following expression for the maximum throughput with
ZigZag:

μ� = 1 − 0.5966
√

β − 0.0045β. (41)

We have verified this maximum achievable through-
put at various β values using packet-level simulations.
In the simulation, we have used the numerically ob-
tained optimal transmission probabilities (in Fig. 8),
and each simulation ran for 100,000 packets with maxi-
mum backlog queue size of 500.

Figure 9 shows the maximum throughput achieved
in the simulation with and without ZigZag decoding.
The figure also includes the numerically calculated
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Fig. 9 Maximum throughput results (with and without ZigZag)
from simulations at different β values for the CSMA system
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throughput bounds in Fig. 7 for convenience of com-
parison. The simulation results clearly show that the
maximum throughput achieved by using ZigZag de-
coding is greater than the case where ZigZag decoding
is not used. For example when β = 0.01, the maximum
throughput with ZigZag is 0.9645 and without ZigZag
is 0.8682 which corresponds to 11.1% improvement.
When β = 0.1, they are 0.8122, 0.6417, and 26.5% re-
spectively. Furthermore, the figure also shows that the
simulation results for both with and without ZigZag
are almost identical to the numerically calculated max-
imum throughput for the case with ZigZag decoding
and derived approximate maximum throughput with-
out ZigZag (β + 1 − √

β2 + 2β), respectively. For the
case without ZigZag decoding, the simulation result is
very close to the calculated approximated throughput
when β is small, but diverges a little when when β

grows. This is because the derivation of μ ≈ β + 1 −√
β2 + 2β used as assumption that e−x ≈ 1 − x + x2

2 for
β 
 1.

5 CSMA un-slotted Aloha

In this section, we extend the discussion in Section 4 to
find the maximum throughput of an unslotted CSMA
Aloha system. This system is similar to the slotted
CSMA system in the previous section (Section 4) with
the following differences: Newly arriving users will at-
tempt transmission immediately if the channel is sensed
to be idle. We define β as the propagation and detection
delay, such that if a user starts transmission at time t,
another user will not detect that the channel is busy
until (t + β). For simplicity, we assume β to be the same
for all pairs of users. If the channel is sensed to be
busy, or if the transmission results in a collision, the new
users are added to the set of backlogged ones. If a user
senses the channel to be idle when it is actually busy,
it will start transmission and concurrent transmissions
will exist in the channel. A ZigZag event occurs when
there are exactly two concurrent transmissions in the
channel (see Fig. 10). We assume that a ZigZag event
finishes within 2(1 + β) time from the beginning of first
transmission, and the channel can be sensed as busy
during [t + β, t + 2(1 + β)]. A collision event occurs
when there are three or more concurrent transmissions
in the channel. Backlogged users repeatedly attempt
retransmission (until the transmission is successful) at
randomly selected times separated by independent, ex-
ponentially distributed random delays τ , with probabil-
ity density x(n)e−τ x(n).

Now, consider an idle period where there are n
backlogged users in the system. The time until the

Fig. 10 Three possible state transition times in unslotted CSMA
Aloha with ZigZag: idle to ‘1,’ or ‘C,’ ‘ZigZag’ to idle

first transmission starts is an exponentially distributed
random variable with rate

G(n) = λ + n · x(n) (42)

Note that G(n) is the attempt rate in packets per unit
time. Assuming G(n) ≈ G(n − 1) for large n, the time
from the first transmission until the next new arrival or
backlogged node senses the channel is again an expo-
nentially distributed random variable of rate G(n). Suc-
cessful transmission occurs if this second sensing is done
after time β. A ZigZag event will occur if this second
sensing is done within time β but the successive sensing
is done after time β. A collision will occur otherwise.
Thus, the probabilities of a successful transmission, a
collision, and a ZigZag event can be approximated as:

P1(n) ≈ e−βG(n), (43)

Pzigzag(n) ≈ βG(n)e−βG(n), (44)

PC(n) = 1 − P1(n) − Pzigzag(n)

≈ 1 − e−βG(n) − βG(n)e−βG(n). (45)

Thus in this system, there are three different types
of state transitions; idle-success, idle-collision, and idle-
ZigZag. Note that each busy (success, ZigZag, or col-
lision) frame must be followed by an idle period, since
nodes are allowed to start transmission only after de-
tecting the channel idle. Also, the system becomes idle
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after each busy frame (see Fig. 10). Then the expected
time between successive state transitions, which is the
time from the beginning of one idle period until the
next, is given by

E{transition time} = 1

G(n)
+ (β + 1)(P1(n) + PC(n))

+ 2(β + 1) · Pzigzag(n). (46)

In this expression, the 1/G(n) term is the expected time
until the first transmission starts. The time duration of a
success or collision frame is approximately 1 + β, where
β accounts for the time until the first transmission
ends and the channel is detected as being idle again.
Finally, the last term 2(1 + β) accounts for the case of
ZigZag frame, which we have assumed to finish within
additional 1 + β time.

Given the expected number of departures per state
transition as,

E{departures} = P1(n) + 2 · Pzigzag(n), (47)

the throughput μ(n) of this system becomes:

μ(n) ≡ E{departures}
E{transition time} (48)

= P1(n) + 2 · Pzigzag(n)
1

G(n)
+ (β + 1)

{
(P1(n) + PC(n)) + 2Pzigzag(n)

} .

(49)

To find the bound on maximum throughput, we
again numerically optimize G(n) for large n at various
β values to obtain the maximum throughput μ�(n)

using the same techniques used in the previous section.
We also verified this maximum achievable through-
put at various β values using packet-level simulations
with the same setup used in the previous section.
Figure 11 depicts several things: it plots (1) maximum
throughput achieved in the simulation with and without
ZigZag decoding, (2) numerically calculated maximum
throughput with and without ZigZag, (3) derived op-
timal throughput without ZigZag ( e−√

β

1+√
β+β

) [2], and
(4) a curve fitted from the throughput results from
the simulation with zigzag at various β values. Curve
fitting the numerically calculated maximum throughput
values gives us the following expression for the maxi-
mum throughput with ZigZag for the unslotted CSMA
system:

μ� = 1 − 0.8795
√

β + 0.1550β. (50)

The figure shows that the simulation result matches
the numerically calculated maximum throughput for
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Fig. 11 Maximum throughput bound of the unslotted CSMA
system with and without ZIGZAG at different β values

both the cases with and without ZigZag decoding. The
simulation results and the numerically solved values
together clearly show that the maximum throughput
achieved by using ZigZag decoding is greater than the
case where ZigZag decoding is not used also for the
unslotted CSMA system.

Finally, we compare our results to the real experi-
mental results reported in [5]. In their work, the au-
thors have implemented a ZigZag prototype in GNU
radio, and evaluated it in a 14-node testbed. In this
setup, 10% of the sender-receiver pairs were hidden
terminals, 10% sensed each other partially, and the rest
sensed each other perfectly. Their evaluation results
showed that, averaging over all sender-receiver pairs,
ZigZag improved the average throughput by 25.2%
when compared to current 802.11. To compare this
result to our analysis, we need to choose a β value to be
used in Eq. 50. For their experiments, the authors have
used 1,500-byte payload at bit rate of 500 kb/s, which
corresponds to data transmission time of 24 ms. How-
ever, they have not described the details of what DIFS
and BO (Backoff) values they have used. Considering

Table 1 Maximum throughput bounds with and without ZigZag
decoding

Model W/o ZigZag With ZigZag % gain

Random access 0.3678 0.6688 81.8
Aloha 0.3678 0.6688 81.8
CSMA (β = 0.1) 0.6417 0.8122 26.5
CSMA (β = 0.05) 0.7298 0.8759 20.0
CSMA Unslotted (β = 0.1) 0.5193 0.7430 43.0
CSMA Unslotted (β = 0.05) 0.6298 0.8287 31.5
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the fact that DIFS is 50 μs and BO is 0∼620 iμs for
802.11b, we choose β ≈ 0.03. Then, for β = 0.03, the
maximum throughput for Unslotted CSMA is 0.6999
without ZigZag and 0.8746 with ZigZag, resulting in
an throughput gain of 24.9%. Thus, we observe that
our results closely matches the real experimental results
reported in [5].

6 Conclusion

We have presented throughput bounds for multi-user
random access systems with ZigZag decoding [5].
Our analysis and simulation results have shown that
ZigZag decoding can significantly improve the max-
imum throughput of random access systems. Table 1
summarizes the main results. Although the analysis has
been done using simplified models, we believe that the
same trend will hold in real systems as well. We believe
that our results with ZigZag decoding motivates a
MAC design with more aggressive transmission behav-
iour, exploiting concurrent transmissions to maximize
throughput.
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